Fuzzy Rough Set Based on Dominance Relations

Zhang Xiaoyan and Xu Weihua

Abstract This model for fuzzy rough sets is one of the most important parts in
rough set theory. Moreover, it is based on an equivalence relation (indiscernibility
relation). However, many systems are not only concerned with fuzzy sets, but also
based on a dominance relation because of various factors in practice. To acquire
knowledge from the systems, construction of model for fuzzy rough sets based on
dominance relations is very necessary. The main aim to this paper is to study this
issue. Concepts of the lower and the upper approximations of fuzzy rough sets
based on dominance relations are proposed. Furthermore, model for fuzzy rough
sets based on dominance relations is constructed, and some properties are dis-
cussed.

1 Introduction

The rough set theory [10,11], proposed by Pawlak in the early 1980s, is an exten-
sion of set theory for the study of intelligent systems. It can serve as a new ma-
thematical tool to soft computing, and deal with inexact, uncertain or vague in-
formation. Moreover, this theory has been applied successfully in discovering
hidden patterns in data, recognizing partial or total dependencies in systems, re-
moving redundant knowledge, and many others [7,12,13,15]. Since its introduc-
tion, the theory has received wide attention on the research areas in both of the
real-life applications and the theory itself.

Theory of fuzzy sets initiated by Zedeh [9] also provides useful ways of de-
scribing and modeling vagueness in ill-defined environment. Naturally, Doubois
and Prade [8] combined fuzzy sets and rough sets. Attempts to combine these two
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theories lead to some new notions [1,5,7], and some progresses were made
[2,3,4,5,6,14]. The combination involves many types of approximations and the
construction of fuzzy rough sets give a good model for solving this problem [5].
However, most of systems are not only concerned with fuzzy data, but also based
on a dominance relation because of various factors. In order to obtain the succinct
knowledge from the systems, construction of model for fuzzy rough sets based on
dominance relations is needed.

The main aim of the paper is to discuss the issue. In present paper, a dominance
relation is introduced and instead of the equivalence relation (discernibility rela-
tion ) in the standard fuzzy rough set theory. The lower and the upper approxima-
tion of a fuzzy rough set based on dominance relations are proposed. Thus a
model for fuzzy rough sets based on dominance relations is constructed, and some
properties are studied. Finally, we conclude the paper and look ahead the further
research.

2  Preliminaries

This section recalls necessary some concepts used in the paper. Detailed descrip-
tion can be found in [15].

Definition 2.1. Let U be a set called universe and let R be an equivalence rela-
tion (indiscernibility) on U . The pair S=(U,R)is called a Pawlak approximation
space. Then for any non-empty subset X of U, the sets R(X)={xcU:[x],cX}
and R(X)={xeU: [x],nX#J} are respectively, called the lower and the upper ap-
proximations of X in S, where [x], denotes the equivalence class of the rela-
tion R containing the element x .

Then X is said to be definable set, if R(X )=R(X) . Otherwise X is said to be
rough set. Pawlak approximation space S=(U,R) derives mainly from an equiva-

lence relation. However, there exist a great of systems based on dominance rela-
tions in practice.

Definition 2.2. If we denote sz{(x[,x_/.)eUxU:f,(x,)sf,(x,.),Va,eB}where B is a
subset of attributes set, and f,(x) is the value of attribute g, , then R, is referred
to as dominance relation of information system S . Moreover, we denote approxi-
mation space based on dominance relations by S*=(U,R%).

For any non-empty subset X of U , denote R*(X)={xeU: [x].CX) and
E(X =eU: [x],.NX#D) R and R are respectively said to be the lower and

the upper approximations of X with respect to a dominance relation R*.
If we denote [x,],.={x€Uxx,x,)eR,*} ={x€U:f,(x)<f,(x;),VaeB} then the fol-

lowing properties of a dominance relation are trivial.
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Proposition 2.1. Let R,° be a dominance relation.

(1) R, isreflexive and transitive, but not symmetric, so it isn't an equivalence
relation generally.

(2) IfBcB,cA,then R °cR,*cR,*.

(3) IfBcB,cA, then [)c[]f;[)c[],gf;[x,.]B]S .

@4 If )c/.e[x,.],gS , then [)c/.]tf;[x[],_,;S .

Next, we will review some notions of fuzzy sets. The notion of fuzzy sets pro-
vides a convenient tool for representing vague concepts by allowing partial mem-
bership. In fuzzy systems, a fuzzy set can be defined using standard set operators.

Definition 2.3. Let U be a finite and non-empty set called universe. A fuzzy set A
of U is defined by a membership function A: U—[0,1] .The membership value
may be interpreted in term of the membership degree. In generally, let F(U) de-
note the set of all fuzzy sets, i.e., the set of all functions from U to [0, 1].

From above description, we can find that a crisp set can be regarded as a gener-

ated fuzzy set in which the membership is restricted to the extreme points {0,1} of
[0,1].

Definition 2.4. Let A,BeF(U). For any xU , if A(x)<SB(X) is true, then we say
that B contain A or A iscontained by B, which denoted by AcB.

If both AcB and BcA are all true, then we say A is equal to B, denoted by
A=B . Empty set & denotes the fuzzy set whose membership function is 0, and
set U denotes the fuzzy set whose membership function is 1.

Let denote intersection, union of A and B by AnB, AUB respectively.

Moreover, denote complement of A by ~A or A°. Membership functions of
these fuzzy sets are defined as

ANB = A(x)AB(x) =min{A(x),B(x)};
AUB = A(x)vB(x) =max{A(x),B(x)};
~A=A"=1-A(x) .

There many properties of these operators in fuzzy sets which similar with crisp
sets. Detailed description can be found easily.

Definition 2.5. The A-level set or A-cut, denoted by A,, A,of a fuzzy set A
in U comprise all elements of U whose degree membership in A are all greater
than or equal to A, where 0<A<1. In other words, A,={xcU:A(x)>A} is a non-
fuzzy set, and be called the A -level set or A -cut. Moreover, the set
{xcU:A(x)>0} is defined the supports of fuzzy set A, and denoted by supp A .
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3 Fuzzy Rough Sets Based on Dominance Relations

Model for fuzzy rough sets is generalized by the standard Pawlak approximation
space, and it is concerned with fuzzy sets on universe U. But the model is still de-
pended on an equivalence relation. In practice, most of systems are not only related
to fuzzy sets, but also based on dominance relations. In order to deal with this prob-
lem, the model of fuzzy rough sets based on dominance relations is proposed.

Definition 3.1. Let S*=(U,R*) be an approximation space based on dominance
relation R*. For a fuzzy set A of U, the lower and the upper approximation
of A denoted by R*(A) and R*(A), are defined respectively, by two fuzzy sets,
whose  membership  functions are  R*(A)(x)=min{A(y): yelx],.}, U  and
E(A)(x): max{A(y). yelx] . },xeU where [x],- denotes the dominance class of
the relation R*.

Fuzzy set A is called fuzzy definable set, if Rjzﬁ . Otherwise, A is called
fuzzy rough set. R° is called positive field of A in S=(U,R%), and ~R* is
called negative field of A in S*=(U,R*). In addition, E(A)m(~Rj(A)) is called
boundary of A in S*=(U,R%).

It can be easily verified that R*(A) and E(A) will become the lower and the
upper approximation of standard approximation space based on dominance rela-
tion, when A is a crisp set.

Theorem 3.1. Let AcF(U),R*(A) and E(A) be the lower and the upper approx-
imation of A respectively. The following always hold.

(1) RE(ACACR(A) .

(2) RE(AUB)=R*(AYUR*(B); R*(ANB)=R*(A) R (B).
(3) RE(A)UR*(B)SR*(AUB); R*(ANB)CR*(ANR*(B).
(4) RE(~A)=—R*(A); R (~A)=—R*(A);

(5) RE(U)=U;R*(@)=2.

(6) RE(ACRE(RE(A);  RE(RE(A)CR*(A).

(7)) If AcB,then R*(A)cR*(B) and R*(A)CR*(B).

Proof. These items are obvious from definitions.

Definition 3.2. Let S*=(U,R*) be an approximation space based on dominance re-
lation R*. For AeF(U), the lower and the upper approximation with respect to pa-

rameters a,f(0<a<fB<l) , denoted by R*(A), and E(A)ﬁ, are defined by
RE(A) =DeUR (AN} 3 R (A),=(xUR* (A)(x)2B} .
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From above definition, we can know that R*(A), is the crisp set of some ele-
ments of U whose degree of membership in A certainly are not less than e,
R(A) ; 1is the crisp set of some elements of U whose degree of membership in
A possibly are not less than 3.

Remark. For Ve, fe[0,1] ,above definition R*(A), and E(A)ﬁ will become
R(A) and E(A) respectively, when A is crisp set.
In fact Ve, /fe[0,1], since A is a crisp set, thus A(x)e[0,1] . So we have

RE(A), = xUR" (A)(x)2cr}
=(xeUR" (A)(x)=1}
={xeU:R=(A)(y)=1, Vye[x] . }=R"(4)

Similarly, we can show that E(A) ﬂ:E(A) ,when A is crisp set.

Theorem 3.2. Let S*=(U,R") be an approximation space based on dominance re-
lation R*,and A,BeF(U).For «,pB(0<a<f<l), we have

(1) R*(AUB),=R*(A),UR*(B),, R“(AnB),=R*(A),"R*(B),.

(2) R°(A),UR*(B),CR*(AUB),, R*(ANB),CR*(A);NR*(B),.

(3)If AcB,then R(A),cR*(B),, R(A),cR(B),.

4) R(A),cR(B), .

(5) RE(~A);=~R*(A),_,, RE(~A), =~R*(A),,.
Proof. 1t can be achieved obviously by definitions and Theorem 3.1.

Definition 3.3. Let S*=(U,R*)be an approximation space based dominance rela-
tion R*, and AeF(U). Roughness measure of A in S, denoted by P (A), is
be defined as

IR® (A)

P (A=
IR*(A)l

when IE(A)I:O, P, (A)=0 is ordered.
Clearly, there is 0<p,. (A)<1. Moreover, p,. (A)=0,if A is definable fuzzy set.

Definition 3.4. Let S*=(U,R*) be an approximation space based dominance rela-
tion R, and AeF(U) . Roughness measure with respect to parameters
a.B(0<asf<l) of A denoted by p .“"(A), is be defined as
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R<(A
P (et Al

R*(A)

when IE(A)ﬂI:O, P “"(A)=0 is ordered.

From the definition, we have easily following properties.

Theorem 3.3. (1) 0<p,.“"(A)l.

(2)If g is fixed, then we have that IR*(A),| increases. Thus, pkf'ﬂ (A) isto
increase, when o« increases.

(3) If o is fixed, then we have that IE(A) 4 is to decrease, when fincreas-

es. Thus, pRS"'ﬂ(A) is to increase, when f increases.

Theorem 3.4. If membership function of fuzzy set A is a constant, i.e., there ex-
ists 6>0 such that A(x)=0 for any xU , then we have pRS"ﬁ(A)zl when

o, (0<a< <) . Otherwise, pR;’ﬁ (A)=0.
Proof. When a, f(0<a<f<l) , it is clear that IR*(A) =0 IE(A),BI:I. So
PRSM (A)=1.

Otherwise, there exist two cases.

Case 1. When d6<f<a, we can know IR*(A) = IRg(A)ﬂI:Q. So pRS“"B(A):O is
true.

Case 2. When f<a<é , we can know IR*(A),}= IR*(A),=U . So p .“(A)=0 is

true from the definition.

4 Conclusions

It is well know that there exist most of systems, which are not only concerned with
fuzzy sets but also based on dominance relations in practice. Therefore, it is mean-
ingful to study the fuzzy rough set based on dominance relations. In this paper, we
discussed this problem mainly. We introduced concepts of the lower and the upper
approximations of fuzzy rough sets based on dominance relations, and constructed
the model for fuzzy rough sets based on dominance relation additionally. Further-
more some properties are obtained. In next work, we will consider the information
systems which are based on dominance relations and with fuzzy decisions.
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